Abstract-Expressions are derived for the smallest achievable radiation quality factor ( ) of an electrically small antenna in front of a conducting plane. Applying the low-frequency approximation to the source region involving an electric or a magnetic point dipole plus their images behind the plane, an expression is formed for the field in the radiation zone. The contribution of nonpropagating energy in the near field is obtained explicitly using a spherical harmonics decomposition. The radiation is found to depend on the radius (relative to wavelength) of the smallest sphere that encloses the antenna and its image, the ratio of the vertical and horizontal dipole moments, as well as the positions of the dipoles relative to each other and to the plane. A number of simple wire structures are analysed with NEC (based on the Method of Moments), and the approximate obtained from their fractional bandwidth are compared to the corresponding theoretical minima.
I. INTRODUCTION
A FIELD of permanent importance in antenna engineering is concerned with the design of structures that radiate efficiently over a large bandwidth but occupy a volume whose maximum dimension is only a small fraction of the free-space wavelength. According to the classical theory developed in [1] - [4] , there exists a fundamental law that restricts the performance of antennas enclosed in a given volume. The law states that the quality factor (the ratio of time-average, nonpropagating energy to radiated power) of any linearly polarized antenna cannot be smaller than what is obtained if only the lowest spherical mode is allowed to act outside the smallest sphere that encloses the antenna. Thus, in order to approach the theoretical limit, the antenna structure should utilize as efficiently as possible the enclosing sphere and at the same time excite exclusively the electric dipole mode (TM ) or the magnetic dipole mode (TE ). In either case, the lower limit for the radiation is [3] - [5] (1) with , where is the free-space wavelength and is the radius of the enclosing sphere. 1 A well-known attempt to approach this limit in practice is the capacitively loaded multi-element monopole due to Goubau [6] , which also has given im-pulses to more recent designs, e.g., [7] . Also known by theory is that the smallest of a circularly polarized antenna is obtained for a properly weighted combination of TM and TE -modes in phase quadrature [2] , [5] . For , this value is approximately a half of the of (1), i.e., of a TM or a TE mode acting alone.
Until now, attention has been focused mainly on the radiation exhibited by an electric dipole, a magnetic dipole, or simple combinations thereof. However, since practical antennas are often attached to a ground plane in order to achieve directive properties, the question arises in which way the presence of a reflecting surface will affect the radiation . The answer to this question can, of course, be sought by the procedure of [3] , [4] , where the lowest possible of an arbitrary source of spherical waves is evaluated on the basis of the far field it radiates. This method presumes a measured or electromagnetically simulated radiation pattern. Nevertheless, from the point of view of antenna design, it would be most interesting to be able to predict how the differently directed currents through their effective dipole moments will affect the radiation .
In this paper, we therefore consider the field radiated by an electrically small antenna, which is basically an electric or magnetic current element in arbitrary orientation, in front of a conducting wall. Generally the radiation field of such a configuration involves a large number of spherical modes (multipoles), but since we assume that the dipoles lie close to the wall, a lowfrequency approximation can be applied, reducing the number of significant spherical modes. Omitting all multipoles above the quadrupole guarantees that the dominant effect of the presence of the conducting wall to the radiation pattern is preserved, while, on the other hand, the modes mainly responsible for energy storage in the near field as well as inside the "minimum sphere" around the antenna do not contribute by increasing the . Hence, the approximate closed-form expressions for the radiation achieved through this idealization render limits that, in practice, cannot be reached. The expressions obtained for the limiting 's are seen to depend on the radius (relative to ) of the "minimum sphere" that encloses the antenna and its image, the locations of the vertical and horizontal dipoles as well as their moments. Thus, the expression for the minimum of a small vertical monopole (equivalent to an electric dipole in free space) is generalized to include horizontal currents.
To give some confidence to the analytic results, some simple wire structures attached to a reflecting plane are analysed using simulations and the values predicted by the closed-form expressions for the ideal antenna.
II. THEORY

A. Electric Dipole
Consider the current density made up by a pair of orthogonal electric dipoles (2) in front of a perfectly conducting surface defined by the plane (see Fig. 1 ). Referring to a real antenna, and are the vertical and the horizontal dipole moments, respectively, and the points and represent the centers-of-polarization of the and components of the true current distribution on the structure. If we set , the antenna is fed symmetrically.
The total electromagnetic field is the sum of the contribution from the original current and its image current (3) in the plane. At a large distance from the antenna, the radiated electric field is obtained from [8] (4) where (5) is the electric vector current moment. Here, is the polar angle relative to is the azimuthal angle and designates the integration volume which encloses both the dipole and its image.
Because we are concerned with the case when the distance of both the point dipoles from the origin is much smaller than the wavelength, it is appropriate to expand in a Taylor series (6) omitting terms of higher order in (which are presumed small). The first integral is proportional to the total dipole moment as (7) while the second integral contains a dyadic, which can be expanded as (8) with denoting the identity dyadic. The moments of the electric quadrupole and the magnetic dipole (the dual of the electric dipole ), respectively, are [9] (9) (10) Evidently, has no influence on any of the multipole moments considered within this degree of approximation. Knowing how each of these multipole sources radiate [9] , the total electromagnetic field in the far zone can be written as (11) Using the vector spherical harmonics [10] and , defined by (12) (13) the field may be cast in a compact form as (14) (15) which also covers the near field. Here, denotes the associated Legendre function and the spherical Hankel function of the second kind. To determine the coefficients and from the and components of the electric field in the far zone (11), a procedure similar to that of [11, p. 275 Integrating the quantity over the whole space except for the smallest sphere that encloses the antenna, specified by a radius , yields (21) which is the total amount of evanescent electric energy maintained by the antenna outside this sphere. The radiated power is obtained by integrating the real part of the Poynting vector or the expression (20) for the energy density in the far field (22) where is the speed of light.
Since the dipole is electrically short and hence inherently nonresonant, we use the quality factor defined as [1] - [5] (23) where is the nonpropagating electric or magnetic energy, whichever is the larger. In this case, the nonpropagating field is capacitive, implying that there is an excess of electric energy stored in the field. This is straightforward method, albeit tedious to demonstrate, and it is not done here. Thus, for , the theoretical factor can be expressed in the compact form of (24), shown at the bottom of the next page. A number of special cases may easily be deduced from this expression; 1) For a vertical dipole, or equivalently , (24) reduces to (25) One may of course inquire how the displacement of the vertical dipole from the origin of a preferred coordinate system can affect the . However, the selection of origin is not arbitrary but is dictated by the smallest sphere that surrounds the dipoles, initially chosen to be centered at the midpoint between the horizontal dipole and its image. One might indeed think of radiating structures that do not contribute to an -directed dipole, but higher order multipoles, which in the present low-frequency assumption are taken to be evanescent. Such currents only increase the amount of stored energy and thereby the . 2) If the structure permits letting , (25) reduces to (1), which is the same expression as for the of a dipole in free space.
3) When
we are left with a purely horizontal dipole, composing together with its oppositely directed image a quadrupole. The minimum from (24) is (26) 4) In the case that (symmetric feed)
where we especially notice the resemblance with (25).
According to the authors' knowledge, none of the limiting cases (25)-(27) has been presented earlier. Fig. 2 shows the radiation of an idealized symmetrically fed antenna (i.e., a single point dipole, whence in (24)) as a function of the "size-parameter" and the angle .
B. Magnetic Dipole
Another important source type is the magnetic dipole (a current loop). Instead of constructing the magnetic dipole from electric current elements, let us just replace the electric current density function by its magnetic dual (28) assuming here, for simplicity, that the vertical and horizontal dipoles reside in exactly the same point . Hence, the image in the conducting plane becomes (29)
In the far field, the radiated magnetic field is obtained from the dual of (4) and (5) as (30) (24) where (31) Application of low-frequency arguments, , permits a Taylor expansion of (31), with (32) as the leading terms. The first integral is proportional to the moment of a magnetic dipole which expression can also be obtained from the formulae of Collin [3] and Fante [4] for , or from the corresponding ladder network in Chu's theory [1] . The radiation according to (40) when is drawn in Fig. 3 as a function of the "size-parameter"
for some values of the angle .
III. NUMERICAL EXAMPLES AND DISCUSSION
Let us now apply the theory for calculating the minimum radiation to folded wire monopoles above the ground plane as depicted in Figs. 4-6 . The manner in which the length of the horizontal section of the wire and the height above ground are to be varied is explained below. First, let us describe the three different methods employed for calculating the values. is obtained from the resonance frequency and bandwidth for the structure when the the structures are modeled and analysed using NEC (based on the Method of Moments). The wire is assumed perfectly conducting.
is the theoretical minimum obtained when the radiation field given by NEC analysis is cast in spherical modes and the relevant power coefficients, and , are inserted into the formulae derived by Fante [4] larger of (42) where and denoting, as before, the radius of the smallest enclosing sphere.
in turn is the theoretical minimum obtained from our equation (24) using the values obtained for the dipole moments and from the current density distribution given by NEC through and (43) should obviously coincide with when the same spherical modes are excited. It should be noted, however, that the center-of-polarization of the horizontal current does not quite coincide with the geometrical mean of the corresponding wire segment. In fact, for a triangular current distribution along the wire, the shift is towards the feed point. Hence, the expansion point of the multipoles differs from the centre of the smallest sphere that encloses the antenna and its image, the shift being the largest when . Nevertheless, in order to render comparison of to the other values meaningful, we have chosen . In the first example, shown in Fig. 4 , the total length of the wire is a constant, , and the structure is brought to resonance at 400 MHz using an external circuit element. The wire diameter is . In the second example, shown in Fig. 5 , the structure is self-resonant and the total length of the wire is adjusted so that, irrespective of the ratio , the resonance frequency of the antenna stays at 850 MHz. The wire diameter in this case is . The structure in Fig. 6 is the same as that in Fig. 4 except for two extra horizontal wires in a square pattern attached to it. The graphs of Figs. 4-6 display the radiation for a number of ratios . Generally, predicts the lowest values, as can be expected since (24) only takes into account the lowest modes. For a vertical dipole does not differ much from . In Fig. 5 , for example, the difference is basically due to the presence of the spherical TM mode. This is well understood since the electrical size of the antenna (including the image) is , which does not comply with Wheeler's [12] classical small size criteria . It is interesting to note from Figs. 4-6 that the smallest difference between and (and ) occurs typically when . We may think of this configuration as the best compromise between an efficient use of the enclosing sphere and a low excitation of higher order modes. From Figs. 4 and 6, we may also conclude that, due to an increased utilization of the spherical volume, the "wire-patch" structure of Fig. 6 displays a lower difference between the and than the single-wire structure of Fig. 4 .
IV. CONCLUSION
The theory for the minimum radiation of a small electric/magnetic dipole in free space has been extended to include horizontal currents in front of a conducting plane. Explicit expressions along with a family of curves were presented for the radiation as a function of the electrical size of the smallest sphere which perfectly surrounds both the antenna structure and its image. Since the sphere is presumed to be much smaller than the wavelength, only the lowest order spherical modes were taken into account. Hence, the contribution of evanescent modes to the stored energy is neglected, which implies that the analytical expressions represent lower limits. Comparison of the expressions and the values obtained from the reciprocal of the fractional bandwidth showed similar behavior. It is hoped that the theory could deepen our insight into the functioning of small antennas as well as serve as a guide for the design procedure. It seems possible to generalize the present theory to compound sources, such as a combination of electric and magnetic current elements facing a conducting plane. Another task of a more practical nature involves the use of genetic algorithms to find optimal combinations of vertical and horizontal elements.
